Algebraic properties of Gardner's deformations 
for integrable systems 

A. V. Kiselev* 
October 30, 2006; in final form December 18, 2006 

Abstract 

An algebraic definition of Gardner's deformations for completely inte- 
grable bi-Hamiltonian evolutionary systems is formulated. The proposed 
approach extends the class of deformable equations and yields new in- 
tegrable evolutionary and hyperbolic Liouville-type systems. An exactly 
solvable two-component extension of the Liouville equation is found. 

Keywords: Gardner's deformations, integrable families, adjoint systems, 
Hamiltonians, recurrence relations. 

Introduction 

We consider the problem of constructing Gardner's deformations of completely 
integrable bi-Hamiltonian evolutionary (super-)systems, see [TJ [21 El HJ or the 
review 5 and references therein. The essence of this procedure [T] is that 
the generating vector-functions for the Hamiltonians of integrable systems solve 
auxiliary evolution equations which obey certain restrictions. Then the defor- 
mations yield recurrence relations for densities of the Hamiltonians and result 
in parametric extensions of known systems. 

In this paper we propose an algebraic definition of Gardner's deformations 
through diagrams ©, which extends the class of deformable systems. Passing 
to the infinitesimal standpoint, we show that the Gardner deformations are in- 
homogeneous generalizations of the higher symmetries for PDE. Then, applying 
recent geometric techniques [B] , we interpret the Gardner deformation cohomol- 
ogy as a specification of the Cartan cohomology 7\ . This invariant of integrable 
systems is related to the problem of classification of admissible Miura's trans- 
formations between them. 

The method of [8] for reconstructing the substitutions using the ambient Eu- 
ler-Lagrange Liouville-type systems [S] specifies several mechanisms that gen- 
erate new integrable systems through the deformation problem. First we re- 
call that the relation between the integrals of Liouville-type systems and non- 
invertible differential substitutions results in new hyperbolic systems, see (|16p 
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for an extension of the Liouville equation. Secondly, the understanding of Liou- 
ville-type systems as diagrams (f^Uj) assigns new integrable flows on the Cauchy 
data for their general solutions to symmetry hierarchies of these exactly solv- 
able hyperbolic equations. Further, we show that the classical Gardner defor- 
mation problem is simplified by extending the associated Liouville-type systems 
to parametric families. Finally, we introduce the notion of adjoint completely 
integrable systems such that the extensions interpolate between the original 
and the adjoint equations. The exposition is illustrated by new deformations of 
the (Kaup-)Boussinesq systems and well-known extensions of scalar KdV-type 
equations. 

The Gardner deformations are not a unique way to obtain extensions, mod- 
ifications, and generalizations of KdV-type systems, see, e.g., [TUHH] and refer- 
ences therein. On the other hand, the definition of the deformations proposed in 
this paper allows to extend the class of deformable systems (in particular, onto 
systems that are not represented in the form of a conservation law). We also 
note that algebraic aspects of deformations for integrable systems were studied 
in [TJ] in a related but different context. 

1 The classical Gardner deformation scheme 

Let us introduce some notation and recall necessary concepts. By definition, 
put f[u] — f(u,u x , . . .), here u denotes the components of a vector t (u , . . ., 
u m ), and let E denote the variational derivative with respect to u. Consider the 
space of functionals TL = J H [u] dx such that the elements of the space are equiv- 
alent if they differ by the exact terms with H[u] = D x (G[u]). An operator A in 
total derivatives is Hamiltonian if the bracket {Wi,?^} = (E(7^i), yl(E(7^ 2 ))) 
endowes the space of functionals with a Lie algebra structure. Let the Hamilto- 
nian operators A±, A2 be compatible, that is, their arbitrary linear combination 
be Hamiltonian again. Suppose further that there are m infinite sequences {H * ; 
i = 1, . . . , m; j € N} of the functionals that satisfy the relation 

A 2 (E(Wj))=Ai(E(w5 +1 )) (1) 

for all Fix some i and j and consider the evolutionary system £ = {u t = 
Ai(E(H i j+1 )) = A 2 {E(H i j ))}. Then £ is a completely integrable system; it 
admits m infinite sequences of commuting symmetries u t i — Ai(T£(7v k )) as- 
signed to the Hamiltonians. All the densities Hi are conserved on £ : D t {H l k ) = 
D x {...). 

Remark 1. For the sake of transparency, we do not use the purely algebraic 
definition of a completely integrable bi-Hamiltonian system specified by a pair 
of compatible Hamiltonian operators such that the Poisson cohomology [13l [14] 
with respect to one of them is trivial, implying that relation {TJ can always be 
resolved for Therefore we postulate the existence of the Hamiltonians. 

Let £ — {F = u t — f[u] = 0} be a completely integrable system. Sup- 
pose £ e — {F e = u t — f e ( [u] , e)} is a deformation of £ such that for any point e £ 
X of an interval Icl there is the contraction m £ = {u = «([«], e)} : £ e — > £. 
Further, assume that f £ £ imD x for all e. Then the pair (£ £ ,m e ) is the Gardner 
deformation for £ in the classical sense of [TJ E] ■ Expanding the generating 
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vector-function u — Xm=o ^™ ' e ™ ana - m£ m e > we obtain the recurrence rela- 
tions for infinite sequences of the term-wise conserved densitied u n [u] for £ , the 
sequences containing the Hamiltonians of higher flows for £ . 

Example 1 ([2(5]). The extended KdV equation 

Ut = ~\u xxx + 3uu x + 3e 2 u 2 u x (2a) 

is reduced to the KdV equation ut — — \u xxx + 3uu x by the Miura contraction 

m e = {u = u ± + e 2 u 2 }. (2b) 

Note that the KdV equation is invariant w.r.t. the Galilean transformation 
x i — ► x ~\~ SXt, 1 1 — ► t, u i — > li + A. Consider the modified KdV equation 

u* = -fvsira + 3i; 2 i; a; (3) 

and Miura's substitution u — v 2 ±v x into KdV. Put v = eu + (2e) _1 ; this yields 
the contraction u = (u ± eu x + £ 2 u 2 ) + ^ = m e + A from (j2"a|) to KdV, here 
we put A = ^ and absorb the shift of u by the motion along x. We see that 
the Galilean invariance of KdV generates the family (f2"a|) by using the modified 
KdV equation (j3} • 

Next, equation ([3]) is extended by 

v t = -\v xxx + 3v 2 v x + D x {ie 2 vv 2 x /{\ + 4e 2 v 2 )) (4) 

such that the contraction m £ is v — v+ev x /V^ + 4e 2 ^ 2 . The extended KdV (l2a|) 
and the extended modified KdV equation (|U) are related by the substitution 

u = ^(Vl + 4e 2 w 2 - f) + v x /y/l + 4e 2 v 2 . 
Example 2. The extension £ e of the Kaup-Boussinesq equation 

£ = {ut — uu x + v x , v t = (uv) x + u xxx ). (5) 

is the system 

u t = uu x + v x + e ■ [uu xx + u 2 + (uv) x ) , 

v t = {uv) x + u xxx - e ■ (2u x u xx + uu xxx + u x v x + uv xx - vv x ) . (6a) 
The contraction £ e — > £ is given through 

u = u + e ■ (u x + u) , u = u + e • (mt x + u xx + uv + v x ) . (6b) 

The recurrence relations upon densities of the Hamiltonian functionals for @ 
are 

u = u, vq^v, u k = -D x {u k -\) - Vk-i, 

v k = -D 2 x (u k -i) - D x (v k -i) - ^ [uiD x (u m ) + u e v m ] , k > 0. (7) 

Using the Gardner deformation ^ of the Kaup-Boussinesq equation, we shall 
construct a new exactly solvable Liouville-type system ([T6"|) and we shall also 
obtain the bi-Hamiltonian adjoint system (|23p . 
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2 Definition of Gardner's deformations through 
diagrams 

Summarizing the properties of Gardner's deformations for (non-)modified in- 
tegrable systems E], we observe that the classes of differential functions 
which determine the deformations are enlarged if there is a Miura-type trans- 
formation t that acts from the system at hand (e.g., irrational dependencies 
appear instead of polynomials, see Example [1]). Clearly, the classical defor- 
mations (£ e ,m E ) do not exist for equations which are not in divergent form. 
However, suppose two completely integrable systems £ and £' and their higher 
symmetries are connected by a Miura-type transformation r : £' — > £; then their 
Hamiltonians are correlated by r* : H.[u] i— > 7i[u[w]], where u = t[v\. Therefore 
the problem of reconstructing a recurrence relation for the Hamiltonians of the 
hierarchy for £' is naturally reduced to a Gardner's deformation of £, provided 
that £' admits only a finite number of its own Hamiltonians that do not belong 
to the image of r*. In particular, the problem of Gardner's deformation for the 
extension £ e is tautological (nevertheless, see E| for two examples). Now we 
propose a definition of the Gardner deformations that incorporates the above 
reasoning. 

Definition. The Gardner deformation of a completely integrable evolutionary 
system £' is the diagram 

£' — ^— £ £ £ , (8) 

where r is a Miura-type transformation and the contraction m e = {u = u([u] , e)} 
maps the extension £ e = {F £ = u t — f e ([u],e), f E S imD x } to £. 

Remark 2. The standard approach [U El El [15] corresponds to the identity 
transformation r = id. Next, the transformation r may be invertible meaning 
that the coordinate system which determines £' ~ £ is 'inconvenient.' Indeed, 
an invertible coordinate transformation can destroy the form u = u + e ■{■■■] of 
the contraction m e : £ £ — > £, and the curve £ e will no longer contain £ at e = 0. 
It would be of interest to formalize the obstruction defined on the set of all 
coordinate systems on the equation £' such that the vanishing of the obstruction 
implies the form u = u + e ■[■■■] of m E . 

Example 3. The Kaup-Boussinesq equation (Ej) is mapped by the substitution 
w = v — u x to the Kaup-Broer system 

u t = u xx + uu x + w x , w t = (uw) x - w xx . (9) 

Hence, using equations ((6]), we obtain the Gardner deformation for ([9]); the 
contraction from (fr?a|) to © is 

u = u + e ■ (u x + v), w = [v — u x ~\ + eu ■ (u x + v). 

Another example of a deformation for the N = 1 supersymmetric KdV such 
that the equation £ £ is brought to a conservation law form by an invertible 
substitution is considered in fTB] . 

Remark 3. Diagram ([5]) means that Gardner's deformations are in a sense dual 
to the Backlund transformations £' < — £ — > £" between differential equations 
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£' and £", see [7J. Clearly, discrete symmetries a of the extensions £ £ induce 
the Backlund autotransformations £ <— ^ £ £ me ° cr > £ f or the equation £. For 



example, the alteration of signs in contraction (|2bj) combined with elimination 
of the variable u provides the well-known one-parametric Backlund autotrans- 
formation for the Korteweg-de Vries equation, see [5]. 

Now we claim that the Gardner deformations are inhomogeneous generaliza- 
tions of the higher symmetries. This is readily seen by passing to the infinitesi- 
mal standpoint. 

Lemma. Let Sq S I such that there is the mapping m eo : £ £o — > £ = {F = 0}; 
put ip(e) = dm £ /de. Then the contraction m e satisfies the relation which holds 
by virtue (=) of £ £o = {F £o = 0}, 

9 v(£0 )(F) = 3 aiV9E (m e ) . (10) 

E=£ 

Equation (fTU)) also holds for deformations of non-evolutionary systems. 

The infinitesimal approach leads to the Gardner deformation cohomology, 
which are determined using the standard techniques [51 [T7]. Let us first 
recall the notion of Cartan's cohomology (see [7J for details). Let £ be a 
differential equation and U{£) be the Cartan connection form on it; in co- 
ordinates, we have U{£) = X^de(iv) ® d/du a , where u a runs through all 
derivatives of u that parameterize £ and dc : u a > du a — u a +\ i dx l is the Car- 
tan differential. Let fi = degfi if S D(A M (£)) is a form- valued derivation, 
let i n : A k (£) -> A^'+^s^ 1 ^) be the inner product, L = [io,d]: A k (£) -> 
A fc+dog °(£) be the Lie derivative, and [•, -] FN be the Frolicher-Nijenhuis bracket 
such that [0,6] FN (/) = Ln(e(/)) - (-1)^L (O(/)) for any Q S D(A^(£)), 
O G D(A y (£')), and / £ C°°(£). A cumbersome coordinate formula for [•, -] FN 
is given in (7j[T8]. The Cartan connection U(£) satisfies the flatness condition 
\U{£), U(£)j FN = implying that d c = [; U{£)j™ is a differential. The Cartan 
cohomology w.r.t. dc contains symmetries of £ in the zeroth term, recursions 
for £ in the first term, etc. [3(7]. 

This algebraic construction can be reformulated in particular, for the 
families of equations £ £ that admit the contractions m £ : £ £ — > £; then the 
Cartan cohomology describes (shadows of, see [7]) symmetries that are nonlocal 
w.r.t. the underlying equation £ and do depend on the transformations m e . 

Now consider all possible deformations U £ (£ £ ) of the connection form; here 
we assume that for any e the Cartan distribution at every point of £ £ remains 
isomorphic to the one at the corresponding point of £ under some projection, 
which is not necessarily an explicit globally defined substitution m £ . The exact 
deformations are determined by (shadows of) symmetries X £a for £ that can 
not be lifted onto the corresponding £ £a and hence do not leave it invariant but 
propagate it to a family along e; then the Cartan connection U £ on £ £ evolves 
by the equation [6l [7J 

^ = [X £ ,t/ £ ] FN , (11) 

see [H] for an illustration. However, all deformations of U £ are closed w.r.t. dc, 
that is, we always have [^j^,C4] FN = 0. Therefore this Cartan's cohomology 
is infinite and hardly tractable if we omit the requirement that the contrac- 
tions m £ : £ £ — > £ exist at any e. 
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Now we formulate the notion of Gardner's deformation cohomology for a 
completely integrable system £. Consider all families {£ Ea } of systems that 
admit the Miura-type transformations m £a : £ £a — ► £ . For each a the family 
m eQ determines the Cartan deformation cohomology according to the standard 
scheme [6j [7] such that in each case all constructions depend on the correspon- 
dence m £a . However, the connection forms U Sa and the differentials are 
defined according to a unique scheme, which can be further extended onto the 
sum Q tn ecv of the coverings £ Ea — > £. Thus, using the Cartan connection U 
on the sum, we obtain the differential dc — [•, t/] FN . Consequently, the defor- 
mation cohomology is then defined w.r.t. dc in agreement with [6]; this is the 
Gardner cohomology of the completely integrable system £. 

Their essential distinction from the Cartan cohomology is that the Gardner 
deformations, even if understood in the classical sense (£ e ,m E ), impose a severe 
restriction upon the admissible extensions U e through the Lemma; namely, the 
existence of the contractions m e must be preserved. The classes of exact de- 
formation^ are counted by the symmetries of £ that do not lift onto £ e but 
propagate it to a family such that relation p0[) holds. As for the cocycles, 
we conjecture that the Gardner cohomology for KdV-type systems originating 
from the Lie algebras [TU] are finite-dimensional, that is, these systems admit a 
finite number of recurrence relations between the Hamiltonians. The conjecture 
means that the Gardner cohomology is an invariant of integrable systems which 
can be helpful in the classification problems. 

Example Q] describes an exact deformation @ of the KdV equation by using 
its Galilean symmetry. This symmetry yields the deformations of many KdV- 
type systems [5J but not of all of them [H] . Indeed, this symmetry is already 
lost by the modified KdV equation which is extended by (jl]). We also recall 
that under r: £' — > £ the algebra sym£' is embedded in symf ; hence if the 
inclusion t* : sym £' C sym £ is strict and the symmetry of £ that generates the 
family £ £ belongs to coker r* , then the arising Gardner deformation for £ can 
not be transferred to £' within the classical scheme. Generally, the presence of 
Gardner's cohomology disclaims an ad hoc principle that a symmetry of £ can 
be always used for generating the family £ £ . Counter-examples of the cocycles 
which are not coboundaries are given, e.g., by the modified KdV equation (see 
Example [1} , by the N = 1 super-KdV equation [15] , the Kaup-Boussinesq 
equation in Example [H or by the Boussinesq system. 

Example 4. There are two Gardner's deformations of the Boussinesq equation 
Ut = v x , Vt = u xxx + uu x . The extended Boussinesq equations £f- are 

u t = v x + e 3 • (u x u xx ± u xx v ± u x v x + vv x ) , 

Vf u xxx -f- uu x s • (u xxx v -\- %u xx v x -\- U X V XX zb U xx i U X U XXX it v x it vv xx ) . 

(12a) 

^^We differ the exact deformations, which are described by the mechanism JTT), and the 
trivial deformations, which generate only a finite number of nontrivial conserved densities via 
the recurrence relations. A trivial deformation of the 'minus' Kaup-Boussinesq equation was 
found in [4], Hence J2} is an example of a non-trivial exact deformation, and 10 is non-trivial 
and not exact. 
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The respective contractions : — * 8 are given through 
u = u =F 2eu x + 2e 2 ■ (u xx ± v x ) + e 3 • (uv ± uu x ), 

v = i T 2sv x + 2e 2 • (v xx ± u xxx ± OB,) + e 3 • (lu 3 + £ 2 + fiC ± vv x ± fi.5 

=F 2e 4 • (ii x u xx ± ± u^-D + uu x ) + e 6 • ^-D 3 ± ±£t 3 + u 2 v ± u x v 2 ) . 

(12b) 

The list of classical symmetries of the Boussinesq equation is exhausted by 
the translations and the dilation. None of them generates the family Q12aft by 
propagating the systems £ eo at any eo, and hence the deformation (fT2l) is not 
exact. 

Expanding the fields u, v and the contractions m;r in e, we obtain the re- 
currence relations for the two sequences of Hamiltonians for the Boussinesq 
equation (thus we generalize a result of [5], where one relation for only one 
sequence was obtained): 

u =u, v = v, ui = ±2u x , 

vi=±2v x , u 2 = 2u xx =F 2v x , v 2 = 2v xx =p 2u xxx =F 2uu x , 

u„ = ±2D x (u n -i) - 2D 2 x (u n ^ 2 ) T 2D x (v n - 2 ) + ^ [~^kVe T UkD x (ui) , 

k +l=n-3 

n > 3, 

£ 3 = ±2D x (v 2 ) t 2£ 3 (w 1 ) - 2£ 2 (6 1 ) t [uD*(«i) + fiittx] 

S„ = ±2D x {v n - 1 ) T 2Dl{u n - 2 ) - 2D 2 x {v n _ 2 ) 

=F ^2 2u k D x (u t ) - ^ -^UkUiU m 

k+l=n- 2 k+i+m=n-3 

+ ^ [~VkVe - u k D 2 x (ui>) =F u k D x (v t ) =F D x (u k )v e 

k +l=n-3 

+ 2 ' i^^^^^^ + ^^^^^^ + ^^U^^iWfe^fe) 

fc+^=n-4 

7i = 4,5, 

w„ = ±2£> x (u„_ 1 ) T 2D 3 (u„_ 2 ) - 2C 2 (w„_ 2 ) 



=F ^ 2u k D x (u e )~ ^ \u k uiu m 

k +e=n- 2 k+t+m=n-3 

+ [~v k ve — u k D x (u e ) =F u k D x (v t ) =p D x (u k )ve 

k+e=n-3 

+ ^2 2- ±D x (u k )D 2 x (u e ) + D x (u k )D x (d l ) + D 2 x (u k )n±d k D x (d e ) 

k +t=n-i 



fc+^+m— n — 6 



■\v k viv m =F -I? x (%)I} x ({M)I) x (t( m ) 



D x (u k )D x (u e )v m + D x (uk)v£V v 



n > 6. 
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The ambiguity of signs of the differential terms does not affect the nontrivial 
conserved densities u^k and v^k ■ The densities with subscripts 3fc + 1 , 3fc + 2 
are trivial for all k > 0. 

We conclude that the vanishing of Gardner's cohomology is an obstruction to 
existence of a recurrence relation between the Hamiltonians of the hierarchy if, 
further, there are no Gardner's deformations obtained using symmetries of the 
initial system (in particular, if it has no classical symmetries at all except the 
translations). The task to calculate the Gardner cohomology can be addressed 
by various techniques (in a similar problem, see an estimation of the Poisson 
cohomology through the de Rham cohomology in 13 ). A prerequisite to this 
problem is the classification of Miura's substitutions m ea into the system at hand 
with respect to a. The general geometric problem of constructing the Miura 
transformations between integrable systems is addressed in the next section. 

3 Gardner's deformations and the ambient Li- 
ouville-type systems 

In this section we demonstrate how the problem of constructing Gardner's defor- 
mations (|8|) can be simplified by the use of hyperbolic Liouville-type systems, 
which also admit interpretation (|20p through diagrams. First we recall the 
method 8J of representing the hierarchies as commutative Lie subalgebras of 
symmetries of Euler-Lagrange Liouville-type systems £el that specify the sub- 
stitutions t: £' — > £ within diagram (J5|). The evolutionary systems £ in the 
image of these transformations are always symmetries of the multi-component 
wave equations, and Examples [T|-|2] show that their Gardner deformations then 
obey the classical scheme. We also demonstrate that the ambient systems £el 
can be propagated to families ££ such that the extensions remain Liouville-type; 
the contractions m e : £ £ — > £ are then induced by the transformations ££ — > £el- 
Thus the Liouville-type systems £el resolve both arrows in diagram |8]) and, 
reciprocally, the deformation problem leads to new integrable systems. Other 
integrable evolutionary equations are obtained by lifting the hierarchies onto the 
general solutions of £el- In what follows, we construct an exactly solvable two- 
component generalization of the Liouville equation and we find a Liouville-type 
parametric extension of this equation; also, we recall that the lift of the modified 
KdV symmetry of the Liouville equation onto its solution is the Schwarz-KdV 
equation. 

Now we consider an example whose nature is essentially general, applying 
the method of [8j for constructing Miura's substitution r for the evolutionary 
system [TH] 

at = \{a%-2a x b-Ab xx ) x , b t = \ (a(b 2 - 1) + 2bb x ) x . (13) 

Namely, we obtain the Gardner deformation for (|13p not including it in a one- 
parametric family, that is, trying to perform the classical scheme, but using the 
algebraic definition of the deformations as diagrams ©. Hence we first con- 
struct substitution (fT5|) that transforms (fT3"|) to system © whose deformation 
is already known. To this end, we potentiate the hierarchy of (fl3|) using (fl4|) 
and then we represent higher symmetries of system (|15p as a commutative Lie 
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subalgebra of Nocthcr's symmetries of the Eulcr Lagrange Liouville-type sys- 
tem (flB")) whose integrals ([T7|) determine the required substitution (fTS"]) . The 
two-component hyperbolic system (TT6"]) is exactly solvable, and we construct its 
general solution that depends on four arbitrary functions. 

System (fT3| is bi-Hamiltonian; its first structure is ( ^ D q\ Hence we 

introduce the potentials A, B such that the adjoint linearization (£^ B ^)* of 
a, b with respect to A, B is proportional to the first structure. So we set 

a=\B Xl b=\A x . (14) 

The new variables satisfy the Hamiltonian system 

At = \A X A XX + ^ (j^l — l) B Xl Bt — ~1A XXX + ^A X B X — ^A X B XX . (15) 

We remark that systems (fT5|) and (fT5|) can be now cast to the canonical form, 

A t = 5H/5a, a t = -SH/SA; B t = SH/Sb, b t = -5H/6B, 



where the Hamiltonian functional Ti — J H[a,b) dx has the density H — ^A x B x -\ 
I A A R 4- I 4 2 — I R 2 

^r\ x j-L xx u x -r 2^xx 8 x- 

The principal idea of the algorithm of 8J is the construction of the La- 
grangian C = — JJ[a ■ A y + b ■ B y + H(A, B)]dx dy such that the potential 
system (|15|) and the hierarchy of its higher flows are Noether's symmetries 
of the hyperbolic Euler-Lagrange equations Eel = {E(£) = 0}. A tedious 
but straightforward calculation leads to the following extension of the Liouville 
equation, 

A xy = -lAexp(-{B), B xv = ±e*v(-\B). (16) 
System (|16j) is Liouville-type: its integrals are 

h = -\a 2 -a x , I 2 = ab + 2b x (17) 

such that Dy(Ii) = on p^|) . i = 1,2. The Liouville-type system (TTH| is not 
contained in the classification lists [2D] since it is triangular. 
Further, consider the integrals 

u = I 2 , v = h + \l 2 2 (18) 

such that the second of them is not minimal. Calculating their dynamics along 
evolution equation (fT5|) , we obtain the Kaup-Boussinesq system ([5]) . Thus we re- 
cover the substitution (fT8"|) to ^ from the twice- modified equation (fT5f , see [TH] . 
The Gardner deformation for the Kaup-Boussinesq system (0) is already de- 
scribed in Example [H hence the recurrence relations for the Hamiltonians of 
higher symmetries of systems (|13j) and (|15|) are inherited from ([JJ by using 
substitutions (O and (fT5)l. 

Clearly, the linear hyperbolic extension (TT6"|) of the scalar Liouville equation 
is integrable. However, the ambient system (1161) admits two independent inte- 
grals (fTTj) and therefore its general solution can be obtained explicitly. This is 
done as follows (other techniques for solving equations of this class are exposed 
in [9]). First recall that the well-known solution of the Liouville equation in 
system (TT6"j) is 

B(x y)- lln - 16X W(y) 
{,V) 41n Q 2 (X(,)+y(y))' 



9 



where X(cc) and ^(y) are arbitrary functions and Q £ {id, sin, sinh}. Hence the 
other equation in (|16p acquires the form 



2A- 



Q2(X(z)+W 



(19) 



Performing the transformation x = X{x) and y = V (y) and from now on omitting 
the tilde signs, we arrive at the linear equation 



A xy = 2A/Q 2 (x + y). 



(US) 



Secondly, let f(x) and g(y) be arbitrary functions. The minimal integral I2 
in (fT7|) belongs to the kernel of the derivative D y restricted onto (fT!)]) . there- 
fore we set I2 := /(x) and consider the arising linear inhomogeneous ordinary 
differential equation with respect to b = \A X . Solving it and symmetryzing the 
intermediate result in x and y, we finally obtain the three solutions A(x, y) that 
correspond to the three variants of the general solution of the Liouville equation 
and which are parameterized by f(x),X(x) and g(jj),^(y)- The three solutions 
of JTU) are 



.4 



rig{ii)d-q 



r] 2 g(r])dr) 



+ xy f(£,)d£ + xy / g{r))dr) /{x + y) 



f /(0sin2(£ + y)d£+ f g{r,) sin 2 (x + V ) dry 
Jo Jo 

-2cot(x + y)\f /(Osin 2 (e + y)dC+ / g (r?) sin 2 (s + 77) dry 

/ /(£) sinh(£ + y) cosh(£ + y)d^ + / g(rj) sinh(a; + 77) cosh(x + ri)d?7 
Jo Jo 

r F 2 T y 9 

— 2coth(x + y) / /(£) sinh (£ + y)d£ + / 9(77) sinh [x + T]) df] 



ill 



4 • — 



^-sinh — 



we recall that here x = X and y = y w.r.t. the original setting of equations (fT6|) 
and <P]). 

Remark 4. If the Liouville- type system £l with to unknown functions possesses a 
complete set of m integrals, then it is solvable and its general solution depends 
on 2to arbitrary functions f % (x), g J (y), where 1 < i,j < m. The integrals 
determine the substitution from £l to to generators of ker D y and to analogous 
elements of ker Da,, which become the TO-tuples {<p l (x)}, {'j-'ijj)} on any solution 
of £l- Note that f l {x) + g t {y) and 4> l (x) + j z (y) determine to solutions of the 
wave equation £ — {s xy = 0} (alternatively, one can get 2m solutions of the 
wave equations by potentiating the kernels) . Thus the hyperbolic Liouville-type 
systems can be defined as the diagrams 



sol £, int c 



(20) 



where the first arrow assigns general solutions of £l to the m pairs of arbitrary 
functions and the second arrow is determined by the integrals. In particular, 
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diagram (|2"D)) leads to explicit formulas of Backlund autotransformations for the 
nonlinear systems £l- 

Suppose further that the Euler-Lagrange Liouville-type system £el = {E(£) = 
0} is ambient w.r.t. the hierarchy of £'. By construction, the Hamiltonian sys- 
tem £' specifies integrable Noether's symmetry flows on £el and hence induces 
the dynamics f(x, t), g(y, t) that starts from the Cauchy data f(x, 0) = {f*(x)}, 
g(y, 0) = {g-' (y)}- This way we obtain the evolutionary system £" upon f(x, t) 
or g(y,t). The new system admits the Miura-type transformation to £'. In- 
deed, it is given through the formulas for the general solution of £el- Hence the 
use of the auxiliary exactly solvable hyperbolic systems embeds £' in the triple 
£" — > £' — > £ of integrable equations; this diagram is composed by symmetries 
of diagram ([2H)l that defines the Liouville-type systems. 

Example 5. The potential modified KdV flow Vt — — \V XXX + V£ lifts onto 
the general solution V = k ln[X'(x)y'(y)/(X + y) 2 ] of the Liouville equation 
V X y — exp(2y), resulting in ^ t = and the Schwarz-KdV equation 

Xf ' {X, = 2^xxx ^^xx/^x: 

which is Krichever-Novikov type. 

Let us note that the classical Gardner deformations (£ e ,m e ) can be found 
directly by using the Liouville-type systems but not passing to the systems 
in the image of the substitutions determined by the integrals. Namely, we 
suggest to find first the family of Liouville-type extensions that contains the 
ambient system £el at e = and such that there is the contraction m £ : ££ — ► 
£el- This is done as follows. Clearly, the contraction extends the integrals w 
for £el onto the curve by the formula w e = to[tn e ]. Then the conditions 
D y (w[m e )) = satisfied on correlate the known differential functions w with 
the admissible right-hand sides of ££ and the contractions m e . Then m e is 
inherited by the extensions £ £ of the integrable evolutionary flows £ on £el- 
Thus we conclude that the integrals of the Liouville-type systems permit finding 
Miura's transformations to systems of this type and symmetry flows on them, 
and not only from them by inspecting the evolution of their integrals along 
symmetries. 

Example 6. Consider the extended potential modified KdV equation (see 

V t = -\V XXX + V? + 3e 2 V x V xx /(l + Ae 2 V 2 ). 
The ambient hyperbolic equation 

£1 = {v xy = cx P (2y) • v/i + 4e 2 v; 2 } (21) 

is not Euler-Lagrange if e ^ (one may expect this since the extended modified 
KdV equation looses the first Hamiltonian structure D x if e ^ 0). The 
contraction m £ : ££ — > £el from |2T|) to the Liouville equation £el = {Vxy — 
exp(2V)} is given through 

V = V ~ h arcsinh(2eV;). (22) 

Extension (|2"Tj) and contraction (|22|) are obtained by the requirement that the 
equations remain Liouville-type and their integrals are inherited by m e from 
the integral w = V 2 — V xx of the Liouville equation £el- 
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The scalar hyperbolic equation ([2~Tj) appeared in entry 4 of the classifica- 
tion [S]. We also note that the curve ££> which contains a representative of the 

class [91 §7] V xy = S(V) ■ \Jl-V r ]r with S" + const 2 S = 0, is an extension of 

V xy = S(V) onto e S iM. We conclude that the Laplace invariants of satisfy 
the deformation of the nonperiodic Toda chain and hence the deformed chain 
can not be periodic. 

4 The adjoint systems and extended Magri schemes 

We have showed that not all Gardner's deformations are obtained using a sym- 
metry of a system at hand, thus giving rise to the Gardner cohomology. The 
second ad hoc principle which we claim is not true is that the curves £ £ interpo- 
lates the initial systems £ with prescribed modified equations. This assumption 
was postulated in [3J for an N — 2 Super-KdV equation and implied a se- 
quence of obstructions to the (still unknown) deformation. We note that the 
(Kaup-)Boussinesq systems in Examples [3] and 0] do possess the modified analogs 
(see [H1[T9]), but this property has no relation to the respective Gardner defor- 
mations. For example, the third order extension (|12ap can not be obtained from 
the Boussinesq system by any interpolation towards the second order modified 
equation, which was studied in [5]. 

In this section we describe a technique that extracts new completely inte- 
grable systems from the Gardner deformations or, more generally, from certain 
families {£ £ } of completely integrable systems that may not admit the contrac- 
tions m e : £ £ — > £. From now on, we make a technical assumption that the 
extensions £ e are polynomial in the parameter s. 

Consider a curve {£ £ } of completely integrable systems (e.g., obtained via 
a Gardner's deformation); by assumption, for every e the system £ e admits the 
hierarchy 2l e of higher flows that are polynomial in e. The adjoint system £' and 
its higher flows are obtained by isolating the coefficients of the highest powers 
of e in £ £ and its symmetries, respectively. 

Two types of the adjoint systems are further recognized. Suppose 21 is the 
hierarchy of higher symmetries for a system £. Let Aj, i > 1 be the Hamiltonian 
structures for 21 and let Aj iE = Ai + ■ ■ ■ + e ki ■ A\ be a polynomial deformation 
of Ai such that Ai i£ remains a Hamiltonian operator for all e (clearly, A\ is a 
Hamiltonian operator and is connected with the original structure Ai by the 
homotopy conditions \A^ e , v4.i, e ] = 0, here [ , ] is the Schouten bracket, see [7])- 
Assume that the extensions Aj, tS and Aj t£ of the Hamiltonian operators are 
compatible for some i and j (that is, \Ai >£ , Aj >£ j = 0). Finally, suppose that 
for each flow ipj e = Aj >e (E(?ij >e )) there is the Hamiltonian Hj+x tS such that 
ipj^ e = Aj i£ (E(Hj+i je )); this is realized if the Poisson cohomology w.r.t. A^ e 
is trivial, see [131 [H]. The Magri scheme generated by the pair Aj iE , Aj^ e 
extends the bi-Hamiltonian hierarchy 21 to the family of hierarchies 2l E , which 
are polynomial in e. Consider the coefficients tp' k at the higher powers of e in the 
flows of 2t e . The flows <p' k are bi-Hamiltonian w.r.t. A\ and A'j and constitute 
the adjoint hierarchy 21' of first type. 

Example 7. The extended KdV equation (|2a[) is bi-Hamiltonian w.r.t. the op- 
erator Ai_ £ — D x and the weakly nonlocal structure 

A 2 , £ = ~\Dl + 2uD x + u x + 2e 2 ■ (u 2 D x + uu x - u x D' 1 o u x ). 
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This operator can be found by factorization of the recursion for (|2ap or by a 
direct calculation using the technique of [14] . Isolating the flow at e 2 in (|2"aj) . 
we obtain the adjoint KdV equation u — u 2 u x . Note that the scaling weights 
are not uniquely defined for the dispersionless modified KdV; they are fixed by 
switching on the dispersion in (|3j). 

Further, suppose Ai^ £ = A{ + e ki A\, then the Hamiltonian operators Ai and 
A\ are compatible. Again, if every flow tp a — A / i (E(Ti. a )) that belongs to the 
image of A\ (or, vice versa, of Ai) can be resolved w.r.t. the Hamiltonian H. a +i 
such that ip a — Ai(E(H a +i)) (respectively, ip a belongs the the image of A'j), 
then the extended Hamiltonian operator Ai i£ generates the adjoint hierarchy of 
second type. 

Example 8. The adjoint Kaup-Boussinesq equation is (we omit the tilde signs) 

{u = uu xx + ui + u x v + uv x , 
(23) 
v = -(2u x u xx + uuxxx + u x v x + uv xx - vv x ). 

This system is bi-Hamiltonian w.r.t. the compatible local operators Ai = ( p D q ) 
and 

A[- 



D x o u x + D x o v 

u x D x + vD x —u xx D x — D x o u xx — v x D x — D x o v x 



Indeed, we have = A 1 (E(J \{uu\ + 2uu x v + uv 2 ) dx)) = A[(E(f uvdx)). 
Hence equation ([2^)) is a completely integrable adjoint system of second type. 

System (|23[) admits the Galilean symmetry x <— > x + Xt, u t— > u, v v + A; 
the original Kaup-Boussinesq equation is invariant under the transformation 
x <— > x + At, u u + A, v <— > v. Hence the shift is transferred from u to v by 
passing from ((5|) to its adjoint system (f23|) . The extensions (|6a|) of the Kaup- 
Boussinesq equation are not Galilei-invariant, and we also note that family (|6ap 
is not obtained by the action of the Galilean symmetry. 

Remark 5. The notions of Gardner's deformations ([S]) and extensions 2t e of 
the Magri schemes intersect if there is the contraction m e : 2l e — > sym £ from 
the symmetry hierarchy of the extension £ e and if the first Hamiltonian struc- 
ture Ai iE of the extended Magri scheme 2l e is Ai >e = const • D x as everywhere 
above; note that the results of [13] on the triviality of the Poisson cohomology 
are valid in this case. Generally, the extension 2l e of the Magri scheme 21 for an 
equation £ may have no contraction m e to £ and its symmetries. Hence the task 
of reconstructing the Hamiltonians of 21 and the adjoint hierarchies 21' becomes 
nontrivial. 

The distinction between the Gardner deformations and the extensions of 
the Magri schemes allows to advance with respect to the approach based on 
extending the Lax operators [5] that mixes the two theories. Owing to this 
distinction in Example [3] we improved a result of [S] . 



Final remarks. The use of ambient Liouville-type Euler-Lagrange equations 
allows to reveal a not obvious property of the evolutionary systems under study, 
namely, the presence and form of their prc-Hamiltonian structures in the sense 
of [S]- For example, the potential modified KdV equation V t = —\V XXX + V x 
and its higher flows, which are Noether's symmetries of the Liouville equation 
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V xy = exp(2y), see Example[5l belong to the image of the operator u x + \D X . 
Using the classification theorem for Noether's symmetries of the Liouville-type 
systems jS], we assign the matrix extension of this operator to system (jTSJ) 
and the potential twice- modified Kaup-Boussincsq equation ()15|) on it. The 
bracket in the inverse image of the matrix operator extends the bracket for the 
second Hamiltonian structure of KdV [HI [2] ■ Algebraic properties of the pre- 
Hamiltonian operators and their relation to integrable systems will be analyzed 
in a subsequent publication [2"T] . 

We have already mentioned, when recalling the approach to constructing 
families of equations £ £ by using a symmetry off that does not lift to £ £o at some 
Eq, that the symmetry algebras of the modified systems £' are Lie subalgebras 
in sym£ ; in particular, we have sym£ Eo C sym£. An analogous relation is 
established for the fundamental Lie algebras of differential equations [25] : the 
fundamental algebras of £ £ form a one-parametric family of Lie subalgebras in 
the fundamental Lie algebra of £ . Actually, the use of modified systems with a 
parameter is the most helpful way of calculating these structures for PDE. We 
emphasize that Gardner's deformations generate the families £ £ together with 
the contractions m £ : £ £ — > £ in the most regular manner. 

The proposed definition of Gardner's deformations is motivated by their prin- 
cipal task, specification of recurrence relations for the Hamiltonians of (super- 
equations that are not deformable through the classical scheme. It is very likely 
that the difficulties which arise in the open problem [5] on constructing Gard- 
ner's deformations for the N — 2, a = —2,1,4 Super-KdV equations can be 
removed by using this approach. First, the presence of obstructions to a defor- 
mation, which is observed in [3], may mean the existence of a Miura's mapping r 
from the system under study. Secondly, since the first Hamiltonian structure 
for N — 2 Super-KdV with a — 4 is A\ = D x , a generalization of the method 
of [5] for super-equations is applicable. Next, no interpolation with a modi- 
fied system must be a priori required for the Gardner deformations. Finally, 
it is normal that the extensions £ £ and the adjoint systems loose local Poisson 
structures but remain integrable, inheriting the Hamiltonians through the con- 
tractions. Thus we obtain a class of completely integrable systems which are not 
manifestly bi-Hamiltonian. This situation may be realized for the N = 2 Su- 
per-KdV 0= i equation Hence, regarding this super-system as adjoint, we 

face the task of reconstructing the adjoint to adjoint, that is, the non-extended 
super-equation £ . This will be the object of another paper. 
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